Abstract. In this note, we establish an asymptotic formula for the number of rational points of bounded height on the singular cubic surface
Introduction and results
Let V ⊂ P 3 be the cubic surface defined by . It is easy to see that the only three lines contained in V Q are ℓ 1 := {x 3 = x 1 − ix 2 = 0}, ℓ 2 := {x 3 = x 1 + ix 2 = 0}, and ℓ 3 := {x 3 = x 0 = 0}. Clearly both ℓ 1 and ℓ 2 pass through ξ 1 , which is actually the only rational point lying on these two lines.
Let U = V {ℓ 1 ∪ ℓ 2 ∪ ℓ 3 }, and B a parameter that can approach infinity. In this note we are concerned with the behavior of the counting function N U (B) = #{x ∈ U(Q) : H(x) B}, where H is the anticanonical height function on V defined by H(x) := max |x 0 |, x where each x j ∈ Z and gcd(x 0 , x 1 , x 2 , x 3 ) = 1. The main result of this note is the following. 
and χ the non-principal character modulo 4. The constant C agrees with Peyre's prediction.
Remark. If follows from the arguments in [2] or [9] that, at least, any ϑ < 1 9 is acceptable in Theorem 1.1, and further improvements are possible.
The Manin-Peyre conjectures for toric varieties were established by Batyrev and Tschinkel in their seminal work [1] . Since our cubic surface V is a (non-split) toric surface, the main term of the asymptotic formula (1.2) follows from [1] . In addition to providing a different proof of the Manin-Peyre conjectures for V and to getting a power-saving error term of the counting function N U (B), this note also serves to complement the results in [9] , in which Manin's conjecture for the cubic hypersurfaces S n ⊂ P n+1 defined by the equation
n )x n+1 with n = 4k was established. The cubic surface V is the case for n = 2.
We conclude the introduction by a brief discussion of the split toric surface
, which is well studied by a number of authors. The variety V ′ is isomorphic to V over Q(i). Manin's conjecture for V ′ is a consequence of Batyrev and Tschinkel [1] . Others include the first author [2] , the first author and Swinnerton-Dyer [4] , Fouvry [7] , Heath-Brown and Moroz [8] and Salberger [11] . Of the unconditional asymptotic formulae obtained, the strongest one is in [2] , which gives the estimate
where U is a Zariski open subset of V ′ , and P is a polynomial of degree 6 and c is a positive constant. In [4] , even the second term of the counting function N U (B) is established under the Riemann Hypothesis as well as the assumption that all the zeros of the Riemann zeta-function are simple.
Geometry and Peyre's constant
In [10] , Peyre conjectured that the leading constant C in our Theorem 1.1 is
1) where V is the minimal resolution of V , α(V ) a rational number defined in terms of the cone of effective divisors, β(V ) is a cohomological invariant that equals 1 in our case, and τ (V ) the Tamagawa number associated to the metrized anticanonical line bundle defined by H in (1.1). In this section, we calculate the Picard rank of the minimal resolution, as well as the factors α(V ), τ (V ) in (2.1).
Picard rank of the Minimal resolution.
To verify Manin's conjecture for V and the expected Peyre's constant, we need to know the Picard rank of its minimal resolution. Instead of referring to knowledge of toric geometry, we will give an explicit blow-up resolution of singularities for V . In this way, it is quite clear to see how the absolute Galois group G Q := Gal(Q/Q) acts on the Picard group of the minimal resolution.
As mentioned before, V has three isolated singular points at . At each point, one blow-up resolves the singularity completely and produces two linearly independent exceptional divisors. We will only give details for such resolutions over singular points ξ 2 and ξ 3 . The resolution process over ξ 1 is similar. One may refer to [9] for details.
Let us resolve the singularities over ξ 2 and ξ 3 , i.e. over {x 0 = x 3 = x 2 1 + x 2 2 = 0}, together. By the symmetry of the coordinates x 1 and x 2 , we only need to consider the affine piece x 2 = 0. Set x 2 = 1. Then the equation
In the affine chart u = 0, we set u = 1. Then x 0 = vx 3 and x 2 1 +1 = wx 3 . Plugging into equation (2.2), we get
This defines a smooth variety. In the affine chart v = 0, we set v = 1. Then x 3 = ux 0 and x 2 1 + 1 = wx 0 . Plugging into equation (2.2), we get
which also gives a smooth variety. In the affine piece w = 0, let w = 1. Then we get x 3 = u(x 2 1 + 1) and
which again is smooth. Hence the above blow-up completely resolves singularities at points ξ 2 and ξ 3 . For the singular point ξ 2 , the inverse image of this point in the affine chart u = 0 is defined by the equation (2.4). We deduce that vw = 0. Similarly, in the affine piece v = 0 and the affine piece w = 0 we get w = 0 and v = 0, respectively. This implies that the inverse image of ξ 2 is a pair of P 1 and the exceptional divisor has two irreducible components E 3 and E 4 , which are defined as
and
We similarly define the two exceptional divisors over the point ξ 3 as
It is clear that the absolute Galois group G Q interchanges E 3 and E 5 , and also E 4 and E 6 .
Similarly, one blow-up at the singular point ξ 1 will resolve the singularity at ξ 1 and give two linearly independent exceptional divisors E 1 and E 2 . One notes that G Q interchanges E 1 and E 2 . It is well known that in this way we get the minimal resolution V of V . Let L be the pullback of the plane section class of V . Then
and rank(Pic(V )) = 4.
2.2.
The α-constant. We calculate the nef cone volume α(V ) by the formula
which is due to Derenthal, Joyce and Teitler [6] . Here α(X) is the nef cone volume of the "corresponding" smooth cubic surface X such that G Q has the "same" Galois action on its Picard group as on Pic(V ) and W ′ is the "Weyl group that takes the Galois action into account ". See [6] for exact definitions. Since the Picard rank of V is 4 and G Q has three orbits of size 2 on the exceptional divisors, we know that we are in the case IV.ii of Theorem 4.2 in [5] . Thus α(X) = 7 18
. On the A 2 singular point ξ 1 (over Q), G Q interchanges the (−2)-curves E 1 and E 2 , which gives an "orbital" B 1 singularity (over Q). On the other hand, G Q interchanges the (−2)-curves E 3 and E 5 , E 4 and E 6 over singular points ξ 2 and ξ 3 , which gives an A 2 -singularity. See Proposition 6.8 in [6] . Thus
We conclude that α(V ) = 7 216 .
The Tamagawa number. Following [10], we have
and ω v is the v-adic density. Taking into account the fact that x and −x represent the same point in P 3 , the archimedean density of points on V is therefore equal to
where ω L (x) is the Leray form equal to dx 0 dx 1 dx 2 /3x 2 3 . It follows that
By Weil's formula, we have, for odd p,
We give more details for p = 2 and use the formula
, where
′ is odd and 1 + 2k ′ < n, then the number of (
There are 2 n−(1+2k ′ +k 0 )/3−1 ways to choose x 3 and then 2
choices for x 0 . Then the number of solutions in the case v 2 (x
The number of (
′ is, at least for 2k ′ < n, equal to 2 2n−2k ′ −1 . There are 2 n−(2k ′ +k 0 )/3−1 ways to choose x 3 and then 2 2k ′ choices for x 0 . Summing over 3 | 2k ′ + k 0 and k ′ 0 we get the contribution of the case v 2 (x
, which is asymptotic to 7 6 · 2 3n . It follows that
Combining the values of α(V ), β(V ) and ω p , we get τ (V ) = 3π(π/4) 3 τ and therefore Peyre's constant equals
This is the same as the constant C in (1.3).
Proof of Theorem 1.1
By symmetry, we have
where E := {x ∈ N × Z 2 × N : gcd(x 0 , x 1 , x 2 , x 3 ) = 1} and N = Z 1 . As in [2] , we parametrize x 4 , x 3 = n 1 n 2 n 3 n 4 , where n 1 and n 2 are squarefree and gcd(n 1 , n 2 ) = 1 so that one can summarize by µ 2 (n 1 n 2 ) = 1. It follows that
r(n 1 n 
Let χ be the non-principal character modulo 4 and r 0 (n) := (1 * χ)(n). The quantity r(n, m) is a multiplicative arithmetic function in n, and we have
We use the fact that, when ν 1,
Then, when ν 1 + ν 2 1, the value of r(p
The Dirichlet series associated to this counting problem is
It can be written as an Euler product of F p (s 1 , s 2 ), where
,
and 
Let s stand for the pair (s 1 , s 2 ). Then there exists G(s) such that F (s) = ζ(3s 1 )ζ Q(i) (3s 2 ) 2 ζ Q(i) (s 1 + 2s 2 )ζ Q(i) (s 2 + 2s 1 )G(s).
The above quantity G(s) can be written as an Euler product of G p (s) where 
